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Cλ- EXTENDED OSCILLATOR ALGEBRA AND
d-ORTHOGONAL POLYNOMIALS
FETHI BOUZEFFOUR ∗,⋄, WISSEM JEDIDI §,⋄
Abstract: In this paper we first construct an analytic realization
of the Cλ-extended oscillator algebra with the help of difference-
differential operators. Secondly, we study families of d-orthogonal
polynomials which are extensions of the Hermite and Laguerre poly-
nomials. The underlying algebraic framework allowed us a system-
atic derivation of their main properties such as recurrence relations,
difference-differential equations, lowering and rising operators and
generating functions. Finally, we use these polynomials to construct
a realization of the Cλ-extended oscillator by block matrices.
Keywords: vector orthogonal polynomials, deformed oscillator
algebra .
1. INTRODUCTION
In [20], Quesne defined theCλ-extended oscillator algebra (λ being
an integer bigger than 1) as the associative algebra generated by four
elements a−, a+, N , s that obey the commutation relations
[a−, a+] = 1 +
λ−1∑
i=1
βi s
i, sλ = 1, (1)
[N, a−] = −a−, [N, a+] = a+, [N, s] = 0, (2)
a−s = ελ s a− a+s = ε
−1
λ s a+, ελ = e
2ipi
λ , (3)
N∗ = N, a∗+ = a−, s
∗ = s−1, (4)
where the constants structure β1, . . . , βλ−1 are complex numbers re-
stricted by the conditions
βi = βλ−i, i = 1, . . . , λ. (5)
The connection between orthogonal polynomials and harmonic os-
cillator as well as the quantum algebra is well known [28, 21]. The
oscillator algebra of creation, annihilation, and number operators
plays a central role in the investigation of many class of orthogo-
nal polynomials, and provides a useful tool to derive their opera-
tional properties such as recurrence relations, difference equation,
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lowering and rising operators and generating functions. It particu-
lar, when λ = 2, the Cλ-extended Heisenberg algebra is reduced to
the Calogero–Vasiliev algebra [16], which is given by the generators
a−, a+, R, 1 that satisfy the commutation relations
[a−, a+] = 1 + 2νR, R
2 = 1,
{a±, R} = 0, [1, a±] = [1, R] = 0.
A realization of the Calogero–Vasiliev algebraworking in the Schro¨dinger
representation, Ψ = Ψ(x), is given by the operators
a− =
1√
2
(Yν + x), a+ =
1√
2
(−Yν + x), (6)
where Yν is the Dunkl operator (corresponding to the root system A1,
see [13, Definition 4.4.2)]), which is a differential-difference operator,
depending on a parameter ν ∈ R and acting on C∞(R) as follows:
Yν :=
d
dx
+
ν
x
(1−R), (7)
whereR is the Klein operator acting on function ψ of the real variable
x as
(Rψ)(x) = ψ(−x) (8)
(see [16] for more details). Note that the operator Yν is also related
by a simple similarity transformation to the Yang-Dunkl operator
used in [16], were the authors show that the Calogero–Vasiliev alge-
bra is intimately related to parabosons and parafermions, and to the
osp(1|2) and osp(2|2) superalgebras.
The Hamiltonian takes the form
Hν = −1
2
Y 2ν +
1
2
x2 = −1
2
d2
dx2
− ν
x
d
dx
+
ν
2x2
(1− R) + 1
2
x2 (9)
and the wave functions corresponding to the well-known eigenval-
ues
λn = n+ ν +
1
2
, n = 0, 1, 2, . . . (10)
are given by
ψ(ν)n (x) = γn e
−x2/2H(ν)n (x),
where
γn =
(
22n Γ([
n
2
] + 1) Γ([
n+ 1
2
)] + ν +
1
2
)
)− 1
2
(11)
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and H(ν)n (x) is the generalized Hermite polynomial introduced by
Szego¨ [26] and obtained in [26] from Laguerre polynomials Lνn(x) by
the means: {
H
(ν)
2n (x) = (−1)n 22n n! Lν−
1
2
n (x
2),
H
(ν)
2n+1(x) = (−1)n 22n+1 n! xLν+
1
2
n (x
2).
(12)
It is well known that for ν > −1
2
, these polynomials satisfy the
orthogonality relations:∫
R
H(ν)n (x)H
(ν)
m (x)|x|2νe−x
2
dx =
1
γ2n
δnm, (13)
where γn is given in (11). Many of the known generalized Hermite
polynomials are also the eigenfunctions of the energy operator for a
deformed oscillator (see [15, 3]).
In this paper, we discuss the connection of some class of d-orthogonal
polynomials with the Cλ-extended oscillator algebra (for λ = d + 1).
The d-orthogonal polynomials can be obtained from general multi-
ple orthogonal polynomials under some restrictions upon their pa-
rameters (see [27]). Applications of d-orthogonal polynomials in-
clude the simultaneous Pade´ approximation problemwhere themul-
tiple orthogonal polynomials appear (see [6]). Also they play impor-
tant role in randommatrix theory (see [4]). The d-orthogonal polyno-
mials have been intensively studied in the last 30 years due to their
intriguing properties and applications (see [5, 7] and further refer-
ences in the literature).
One problem that deserves attention is to relate d-orthogonal poly-
nomials to some oscillator algebras. In [29, 8, 9], the authors have
found some d-orthogonal polynomials related to the deformed har-
monic oscillator and share a number of properties with the classical
orthogonal polynomials. In this paper, we discuss the connection of
some class of d-orthogonal polynomials with the Cλ-extended oscil-
lator algebra (λ = d + 1). We use a Klein type operator S of finite
order to construct a realization of the Cλ-extended oscillator alge-
bra in terms of difference-differential operator and a system of vec-
tor orthogonal polynomials obtained from d-orthogonal polynomi-
als, in order to provide realizations of the Cλ-extended oscillator by
block matrices. Note that the obtained d-orthogonal polynomials are
eigenfunctions of the operator S.
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The paper is organized as follows. In Section 2, we review the defi-
nition of theCλ-extended oscillator algebra and introduce a Bergmann
realization associated to this oscillator. In section 3, we deal with the
formalism of the exponential of the Dunkl type operators, which are
the most commonly used operators in the context of evolution prob-
lems. We establish the relevant rules to the action of an exponential
operator on a given function and those for the disentanglement of
exponential operators. We also establish there the most important
properties of d-orthogonal polynomials. In section 4, we construct a
family of vector orthogonal polynomial and analyse the effect of the
generators of the Cλ-extended algebra on it.
2. BERGMANN REALIZATION OF THE Cλ-EXTENDED OSCILLATOR
ALGEBRA
2.1. The Cλ-extended oscillator algebra. The element s introduced
in (1), is a generator of the cyclic group
Cλ = {1, s, s2, . . . , sλ−1} (14)
of order λ. The primitive idempotents related to this group are de-
noted by Π0, Π1, . . . , Πλ−1 and are given by
Πi =
1
λ
λ−1∑
j=0
ε−ijλ s
j, i = 0, . . . , λ− 1, ελ = e 2ipiλ (15)
and the bosonic Cλ-extended oscillator Hamiltonian is defined by
H =
1
2
{a−, a+}. (16)
According to [18], it may therefore be rewritten in terms of a−, a+,
N , Π0, . . . , Πλ−1 as follows:
[a−, a+] = 1 +
λ−1∑
j=0
β̂jΠj , (17)
[N, a−] = −a−, [N, a+] = a+, a+Πi = Πi+1a+, (18)
λ∑
i=1
Πi = 1, ΠiΠj = δijΠi, Π
†
i = Πi, (19)
where, according to condition (5), the discrete Fourier transforms
β̂0, . . . β̂λ−1, are real numbers given by
β̂j =
λ−1∑
i=0
εijλ βi, j = 1, . . . , λ− 1,
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and are restricted by the condition
λ−1∑
i=0
β̂i = 0.
Next proposition will be needed in the sequel and gives a relation
in the Cλ-extended oscillator algebra.
Proposition 1. Let n ∈ N, we have
1. [an−, a+] =
(
n +
λ−1∑
i=0
βi
εniλ − 1
εiλ − 1
si
)
an−1− ,
2. [a−, a
n
+] = a
n−1
+
(
n +
λ−1∑
i=0
βi
εniλ − 1
εiλ − 1
si
)
,
3. [N, an−] = −nan−1− , [N, an+] = nan−1+ .
In particular, it holds that
[anλ− , a+] = nλa
nλ−1
− and [a−, a
nλ
+ ] = nλa
nλ−1
+ .
Proof. The proof is easy and follows from the identity
[an, b] =
n−1∑
i=0
an−1−i[a, b]ai.

According to [18], the Cλ-extended oscillator algebra possesses a
canonical irreducible representation defined on the orthonormal ba-
sis |n〉, n = 0 1, 2, . . . . , endowed with the following actions:
N |kλ+ i〉 = (kλ+ i)|kλ+ i〉, Πj|kλ+ i〉 = δij|kλ+ i〉, (20)
a+|kλ+ i〉 =
√
kλ+ i+ 1 + β̂i+1|kλ+ i+ 1〉, (21)
a−|kλ+ i〉 =
√
kλ+ i+ β̂i|kλ+ i− 1〉. (22)
2.2. Dunkl type operator. Let ν = (ν1, . . . , νλ−1), where ν1, . . . , νλ−1
are complex numbers satisfying the condition
λ−1∑
l=0
νl = 0. (23)
Consider the Klein-type reflection S acting on functions f(z) of com-
plex variable z as follows
(Sf)(z) := f(ελz). (24)
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and its associated differential-difference operator
Yν :=
d
dz
+
1
z
λ−1∑
j=1
νj S
j. (25)
Recall that the complex reflection groupG(r, 1, N) consists of theN×
N permutation matrices with the nonzero entries being powers of
ε = e
2ipi
r . The group G(r, 1, N) is also generated by the transpositions
(i, i+1), i = 1, . . . , N − 1, and by the complex reflections Si defined
by
Siz = (z1, . . . , εzi, . . . , zN ).
When N = 1, it happens that:
• the group G(r, 1, N) is isomorphic to the cyclic group Cλ de-
fined in (14);
• the operator defined in (25) is a particular case of the complex
Dunkl operator Yi associated to G(r, 1, N) given by [13]:
Yi =
∂
∂zi
+ κ0
∑
j 6=i
r−1∑
j=0
1− S−ji (i, j)Sji
zi − εjzj +
r−1∑
j=1
κj
r−1∑
l=0
ε−rlsli
zi
, (26)
where κ0, κ1, . . . , κr are real numbers.
2.3. Some results on deformed factorial numbers. Let νi, i = 0, 1, · · · , λ−
1 be a sequence of complex numbers and ν̂s their discrete Fourier
transforms defined as
ν̂s =
λ−1∑
l=0
νlε
sl
λ . (27)
One can notice that
ν̂n = ν̂s, if n = s (mod λ). (28)
Then, for nonnegative integers n, we introduce the deformed num-
bers [n]ν and the deformed factorial numbers by
[n]ν = n+ ν̂n, (29)
[0]ν ! = 1, [n+ 1]ν ! = [n+ 1]ν [n]ν !. (30)
For
αk =
k + ν̂k
λ
, k = 1, 2, . . . , λ− 1. (31)
and for 0 ≤ s ≤ λ−1, we need to introduce the multi-index numbers
∆(ν, s) =
{
(1, α1, . . . , αλ−1) if s = 0,
(1, α1 + 1, . . . , αs + 1, αs+1, . . . , αλ−1) otherwise.
(32)
Cλ- EXTENDED OSCILLATOR ALGEBRA AND d-ORTHOGONAL POLYNOMIALS 7
We obtain the following result:
Proposition 2. The initial problem{
Yνf(z) = ̺f(z),
f(0) = 1
(33)
has a unique analytic solution given by
Eλ(̺z, ν) =
∞∑
n=0
(̺z)n
[n]ν !
. (34)
Furthermore, the generalized exponential function Eλ(̺ . , ν) has the follow-
ing hypergeometric representation
Eλ(z, ν) =
λ−1∑
s=0
(z/λ)s
[s]ν !
0Fλ−1
( −
∆(ν, s)
∣∣∣∣ ( zλ)λ
)
. (35)
Proof. It is easily seen from the action of the operator Yν on monomi-
als zn:
Yνz
n = [n]ν z
n−1, (36)
that the function Eλ(̺ . , ν) is the unique solution of the system (34).
To prove (35), it suffice to write [nλ+s]ν! in terms of the Pochhammer
Symbol (a)n defined for a ∈ C and n = 1, . . . by
(a)0 := 1, (a)n := a(a+ 1) . . . (a− n + 1).
For s = 1, 2, . . . λ− 1, and with αk defined in (31), we get
[nλ + s]ν ! =
n∏
l=1
(lλ+ ν̂0)
s∏
k=1
n∏
l=0
(
lλ+ k + ν̂k
) λ−1∏
k=s+1
n−1∏
l=0
(
lλ+ k + ν̂k
)
,
= λnλ+s n!
s∏
k=1
(
k + ν̂k
λ
)n+1
λ−1∏
k=s+1
(
k + ν̂k
λ
)n
= λnλ+s n!
s∏
k=1
(αk)n+1
λ−1∏
k=s+1
(αk)n
= λnλ+s n!
s∏
k=1
Γ(αk + n+ 1)
Γ(αk)
λ−1∏
k=s+1
Γ(αk + n)
Γ(αk)
.
Similarly,
[nλ]ν ! = λ
nλ n!
λ−1∏
k=1
(αk)n = λ
nλ n!
λ−1∏
k=1
Γ(αk + n)
Γ(αk)
.
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If we decompose the sum (34) in the form
Eλ(z, ν) =
λ−1∑
s=0
∞∑
n=0
(zt)nλ+s
[nλ+ s]ν !
, (37)
we obtain
Eλ(z, ν) =
λ−1∑
s=0
(zt/λ)s
[s]ν !
0Fλ−1
( −
α1 + 1, . . . , αs + 1, αs+1, . . . , αλ−1
∣∣∣∣ ( zλ)λ
)
,
(38)
and this allows to conclude. 
2.4. Bergmann realization. LetGm,np,q be theMeijer’sG-function [22],
ms be the measure defined by
dms(z) =
λs+1∏λ−1
k=1 Γ(αk)
Gλ,00,λ
(
r2λ
λλ
∣∣∣∣∣ −∆(ν, s)
)
dr dθ, z = reiθ, (39)
and L2ν,λ(C) be the space of measurable functions f on C that satisfy
‖f‖2ν,λ =
λ−1∑
s=0
∫
C
|πs(f)(z)|2 dms(z) <∞, (40)
The generalized Bergmann space Bν,λ(C) is the pre-Hilbert space of
analytic functions in L2ν,λ(C), equipped with the inner product
〈f, g〉ν =
λ−1∑
s=0
∫
C
πs(f)(z)πs(g)(z) dms(z), (41)
where
πs =
1
λ
λ−1∑
l=0
ε−slλ S
l. (42)
Theorem 1. If f, g ∈ Bν,λ(C) expanded in the form
f(z) =
∞∑
n=0
anz
n and g(z) =
∞∑
n=0
bnz
n,
then, their inner product is given by
〈f, g〉ν =
∞∑
n=0
anbn[n]ν !. (43)
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Proof. Let 0 ≤ s, s′ ≤ λ − 1 and n, m = 0, . . . . From (43), it is clear
that for s 6= s′, we have
πl(z
nλ+s)πl(znλ+s
′) = 0 for l = 0, . . . λ− 1,
hence, 〈
znλ+s, zmλ+s
′
〉
ν
= 0.
For s = s′, we have〈
znλ+s, zmλ+s
〉
ν
=
1
π
λs+1
Πλ−1k=1Γ(αk)
∫ ∞
0
r(n+m)λ+2sGλ,00,λ
(
r2λ
λλ
∣∣∣∣∣ −∆(ν, s)
)
dr
×
∫ 2pi
0
eiλθ(n−m) dθ.
Now using the following well known formula [22]∫ ∞
0
xn−1Gr,sp,q
(
x
a
∣∣∣∣∣ β1, . . . , βpγ1, . . . , γq
)
dx
= an
∏r
i=1 Γ(γi + n)
∏s
i=1 Γ(1− βi − n)∏q
i=r+1 Γ(1− γi − n)
∏p
i=s+1 Γ(βi + n)
, (44)
we obtain〈
znλ+s, zmλ+s
〉
ν
= δnmλ
nλ+s n!
s∏
k=1
(αk)n+1
λ−1∏
k=s+1
(αk)n
= δnm[nλ + s]ν !.

It is oblivious that the space Bν,λ(C) is a Hilbert space equipped
with the inner product (41) and the monomials
{en(z) = zn/
√
[n]ν !, n = 0, 1, 2. . . . }
constitute an orthonormal basis for this space. The spaceBν,λ(C) has
the kernel function
Kν(w, z) =
∞∑
n=0
en(z)en(w) = Eλ(zw, ν). (45)
Proposition 3. (i) LetZ be the multiplication operator ((Zf)(z) := zf(z).
The operators Yν and Z are closed densely defined operators on the space
Bν,λ(C) on the common domain
D = {f(z) =
∞∑
n=0
anz
n :
∞∑
n=0
|an|2[n + 1]ν <∞}.
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Furthermore, for f, g ∈ D one has
〈Yνf, g〉ν = 〈f, Zg〉ν .
Proposition 4. The following holds:
(i)
S∗ = S−1, YνS = ελSYν, SZ = ελZS.
(ii)
[Y nν , z] =
(
n +
λ−1∑
i=1
νi(ε
in
λ − 1)Si
)
Y n−1ν (46)
[Yν , z
n] = zn−1
(
n+
λ−1∑
i=1
νi(ε
in
λ − 1)Si
)
. (47)
Now, assume that the complex numbers νi are restricted by the
conditions
νλ−i = −εiλνi, i = 1, . . . , λ− 1. (48)
The case where the structure constants βi in (1) take the values
βi = νi(ε
i
λ − 1), i = 1, . . . , λ− 1,
we get a convenient one variable model of the representation of Cλ-
extended oscillator algebra given by the Hilbert space Bν,λ(C) and
the action of the Cλ-extended oscillator algebra is given by
(sf)(z) := f [εz], (af)(z) := (Yνf)(z), (a+f)(z) := Zf(z) (49)
and the related bosonic extended Hamiltonian takes the form
H = z
d
dz
+
1
2
+
1
2
λ−1∑
j=1
νj (ε
i
λ + 1)S
i. (50)
3. GENERALIZED HERMITE POLYNOMIALS
For fixed integer m, Gould and Hopper [14] defined the general-
ized Hermite polynomials Hn(x,m) by the operational identity
Hn(x,m) = e
( d
dx
)m xn, n = 0, 1, . . . , .
Similarly, a new family of generalizedHermite polynomials {H(λ,ν)n (x)}∞n=0
can be determined by means of the following operational formula
H(λ,ν)n (x) = e
−Y λν /λxn. (51)
Due to the fact that Yν reduces the degrees of the polynomials , see
equation (36) then the latter series (51) contains only a finite number
of terms. The operational definition (51) greatly simplifies the study
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of the generalized Hermite polynomials. From Proposition 4, we
deduce that
[Y nλν , x] = nλx
nλ−1, [Yν , x
nλ] = nλY nλ−1ν (52)
and that
[eµY
λ
ν , x] = µλY λ−1ν e
µY λν , [Yν , e
µxλ ] = µλxλ−1eµx
λ
. (53)
Proposition 1. The following holds true
YνH
(λ,ν)
n (x) = [n]ν H
(λ,ν)
n−1 (x),
(x− Y λ−1ν )H(λ,ν)n (x) = H(λ,ν)n+1 (x).
Proof. Performing the Dunkl operator Yν of both sides of (51) with re-
spect to x, we obtain
YνH
(λ,ν)
n (x) = [n]ν H
(λ,ν)
n−1 (x). (54)
The equation (53) can be exploited to derive the operational formula
e−Y
λ
ν /λxn = e−Y
λ
ν /λxeY
λ
ν /λe−Y
λ
ν /λxn−1 = (x− Y λ−1ν )e−Y
λ
ν /λxn−1.
Hence
H(λ,ν)n (x) = (x− Y λ−1ν )H(λ,ν)n−1 (x). (55)

We also obtain
Theorem 2. The polynomials H(λ,ν)n (x) satisfy the following higher order
differential-difference equations
Yν(x− Y λ−1ν )H(λ,ν)n (x) = [n + 1]νH(λ,ν)n (x),
(x− Y λ−1ν )YνH(λ,ν)n (x) = [n]νH(λ,ν)n (x).
Proof. Applying the operator Yν to the both side of (55), we get the
following differential-difference equation:
Yν(Y
λ−1
ν − x)H(λ,ν)n (x) = −[n + 1]νH(λ,ν)n (x). (56)

Proposition 2. The polynomials H(λ,ν)n are generated by the series
e−t
λ/λEλ(xt, ν) =
∞∑
n=0
H(λ,ν)n (x)
tn
[n]ν !
.
Furthermore,
H(λ,ν)n (x) =
[n
λ
]∑
k=0
(−1)k[n]ν !
λλk k! [n− kλ]ν ! x
n−kλ. (57)
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Proof. According to (55) and (33), we can write
∞∑
n=0
H(λ,ν)n (x)
tn
[n]ν !
=
∞∑
n=0
e−Y
λ
ν /λxn
tn
n!
= e−Y
λ
ν /λEλ(xt, ν) = e−tλ/λEλ(xt, ν)
Hence, the polynomials {H(λ,ν)n (x)} are generated by
e−t
λ/λEλ(xt, ν) =
∞∑
n=0
H(λ,ν)n (x)
tn
[n]ν !
. (58)
An explicit formula for the generalizedHermite polynomialsH(λ,ν)n (x)
is obtained by expanding in power series the generation function
given in (58):
e−t
λ/λEλ(xt, ν) =
∞∑
k=0
(−1)k
λk
tkλ
k!
∞∑
m=0
(xt)m
[m]ν !
=
∞∑
k=0
∞∑
m=0
(−1)k
λkk!
xm
[m]ν !
tkλ+m.
Substituting n = kλ+m, then 0 ≤ k ≤ [n/λ] and we
e−t
λ/λEλ(xt, ν) =
∞∑
n=0
[
n
λ
]∑
k=0
(−1)k
λkk!
xn−kλ
[n− kλ]ν !t
n. (59)
Finally,
H(λ,ν)n (x) =
[n
λ
]∑
k=0
(−1)k[n]ν !
λλkk![n− kλ]ν !x
n−kλ. (60)

Proposition 3. The polynomials H(λ,ν)n satisfy the following three terms
recurrence relations
xH(λ,ν)n (x) = H
(λ,ν)
n+1 (x) + [n]ν . . . [n− λ]νH(λ,ν)n−λ+1(x). (61)
Proof. By taking into account (54) and (55) we get the three terms
recurrence relations
xH(λ,ν)n (x) = H
(λ,ν)
n+1 (x) + [n]ν . . . [n− λ]νH(λ,ν)n−λ+1(x).

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4. MATRIX REALIZATION OF THE Cλ-EXTENDED OSCILLATOR
In sequel we assume that d = λ− 1. We propose here a realization
of the Cλ-extended oscillator by matrices.
Let us first clarify the relationship between the notion of d-orthogonality
of a family of polynomials and orthogonality of vector polynomials.
Recall that d-orthogonal polynomials are system {Pn(x)} of monic
polynomials (with deg Pn = n) such that there exists a vector linear
functional U = [u0 . . . ud−1]T satisfying the conditions:
i) 〈uj, xkPn〉 = 0, 0 ≤ k ≤ [n− j
d
]
ii) 〈uj, xnPnd+j〉 6= 0 , n = 0, . . . , .
(62)
where 〈u, P 〉 is the effect of a linear functional u on a polynomial
P and [x] denotes the greatest integer function. Note that the case
d = 1 corresponds to the ordinary notion of orthogonal polynomials.
According to [24, 25] the vector orthogonality relations is equivalent
to the existence of a linear (d+ 2)-term recurrence relation
xPn(x) = Pn+1 +
d∑
j=0
aj(n)Pn−j(x) (63)
with constants aj(n), aj(d) 6= 0.
• A system of polynomials {Pn} is said to be d–symmetricwhen
it verifies
Pn(εdx) = ε
n
d+1Pn(x) , n ≥ 0 , εd+1 = e
2ipi
d+1 . (64)
• We say that the vector of linear functionals U = [u1, . . . , ud]T
is said to be d–symmetricwhen the moments of its entries sat-
isfy, for every n ≥ 0,
(uj)(n+1)d+k−1 := 〈uj, x(d+1)n+k−1〉 = 0 (65)
1 ≤ j ≤ d 1 ≤ k ≤ d+ 1, j 6= k. (66)
According to [11], for every sequence of monic polynomials {Pn}, d–
orthogonal with respect to the vector of linear functionals U = [u0 . . . ud−1]T ,
the following statements are equivalent :
(i) the vector of linear functionals U is d–symmetric;
(ii) the sequence {Pn} is d–symmetric;
(iii) the sequence {Pn} satisfies
xPn+d(x) = Pn+d+1(x) + γn+1Pn(x), (67)
with Pn(x) = x
n for 0 ≤ n ≤ d.
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Within this context, we obtain the following result on the general-
ized Hermite polynomials:
Theorem 3. For d = λ− 1, the family {H(λ,ν)n (x)} are d-orthogonal poly-
nomials with respect to the functionals u0, . . . , ud−1, which are determined
by their moments:
〈uk, xnλ+s〉 = δks
∫ ∞
0
unλ+sυs(u) du =
[nλ + s]ν !
n!λn
, (68)
where
υs(u) =
λu−s−1∏λ−1
i=1 Γ(αi)
Gλ−1,00,λ−1
(
uλ
λλ−1
∣∣∣∣∣ −∆(ν, s)
)
. (69)
Proof. From (61), the polynomials {H(λ,ν)n (x)} satisfy a (λ+1)-term re-
cursion relation of the form (67) and then, are d-orthogonal d-symmetric
polynomials. Furthermore there exist λ − 1 symmetric functionals
uk, k = 0, . . . , d− 1, on the space of all polynomials P such thatuk(PmPn) = 0, m < [
n− k
d
],
uk(PnPn(d+1)+k) 6= 0, n ≥ 0.
(70)
To determine the moments of the functional uk, we will need the
following inversion formula
xm =
[
m
λ
]∑
n=0
[m]ν !
λnn![m− nλ]ν !H
(λ,ν)
m−nλ(x). (71)
To prove (71), we can use the generating function (58) to first obtain
Eλ(xt, ν) =
∞∑
n,k=0
H
(λ,ν)
k (x)
λnn![k]ν !
tnλ+k, (72)
then, substituting m = nλ+ k, then 0 ≤ n ≤ [m/λ], we get
Eλ(xt, ν) =
∞∑
m=0
[
m
λ
]∑
n=0
H
(λ,ν)
m−nλ(x)
λnn![m− nλ]ν !t
m. (73)
and it remains to compare the coefficient of tm in the two expansion
(34) and (73) of Eλ(xt, ν).
FollowingMaroni [24], themoments of the functionals uk, k = 0, . . . , d−
1 related to {H(λ,ν)n (x)} can be obtained from the inversion formula
(71)
(uk)nλ+s = 〈uk, xnλ+s〉 = δks [nλ + s]ν !
n!λn
. (74)
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It remains to prove the integral representation of the functionals uk,
so it suffices to substitute
p = s = 0, q = r = λ− 1,
γi = αi + 1, i = 1, . . . , s, γi = αi, i = s+ 1, . . . λ− 1,
in the integral (44), in order to get∫ ∞
0
xn−1Gλ−1,00,λ−1
(
x
λλ−1
∣∣∣∣∣ −∆(ν, s)
)
dx = λ−s
λ−1∏
i=1
Γ(αi)
[nλ+ s]ν !
n!λn
.
The latter yields ∫ ∞
0
unλ+sυs(u) du =
[nλ + s]ν !
n!λn
, (75)
where
υs(u) =
λu−s−1∏λ−1
i=1 Γ(αi)
Gλ−1,00,λ−1
(
uλ
λλ−1
∣∣∣∣∣ −∆(ν, s)
)
, (76)
so that
〈uk, xnλ+s〉 = δks
∫ ∞
0
unλ+sυs(u) du =
[nλ + s]ν !
n!λn
. (77)

Let {Pn} be a d-symmetric family of d-orthogonal polynomials
with respect to the vector of functionals U = [u0, . . . , ud−1]T . We
define the family of vector polynomials {Pn} related to {Pn} as fol-
lows :
Pn =
[
Pnd, . . . , P(n+1)d−1
]T
(78)
and we extend the action of the vector of functionals U in vector
polynomials {Pn} as follows:
U(P) =
u0(P1) · · · ud−1(P1)... . . . ...
u0(Pd) · · · ud−1(Pd)

Within this context, {Pn} is said to be a vector orthogonal polynomial
sequence with respect to the vector of functionals U , if{
i) (xkU)(Pn) = 0d×d , k = 0, 1, . . . , n− 1 ,
ii) (xnU)(Pn) = ∆n , (79)
where ∆n is a regular upper triangular d× dmatrix.
We can see easily that the d-orthogonality of a family of polyno-
mials {Pn} defined in (62) is equivalent to the vector orthgonality of
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the related family {Pn} defined as above. For a deeper account of the
theory (in a more general framework, considering quasi–diagonal
multi–indices) we refer the reader to [1].
Let consider the family of vector polynomials {H(λ,ν)n (x)} given by
H
(λ,ν)
n (x) =
[
H˜
(λ,ν)
nd (x), . . . , H˜
(λ,ν)
(n+1)d−1(x)
]T
, n ∈ N. (80)
where
H˜(λ,ν)n (x) = ([n]ν !)
−1/2H(λ,ν)n (x). (81)
From (61), we easily check the three terms recurrence relations
xH˜(λ,ν)n (x) =
√
[n + 1]νH˜
(λ,ν)
n+1 (x) + αnH˜
(λ,ν)
n−λ+1(x). (82)
where
αn =
√
[n]ν !
[n− λ+ 1]ν ! . (83)
We also extend the action of the operator Yν on the vector polynomial
H
(λ,ν)
n (x) through
YνH
(λ,ν)
n (x) =
[
YνH˜
(λ,ν)
nd (x), . . . , YνH˜
(λ,ν)
(n+1)d−1(x)
]T
.
Theorem 4. Under the above notations, we have
xH(λ,ν)n = AnH
(λ,ν)
n+1 +BnH
(λ,ν)
n + CnH
(λ,ν)
n−1 , n = 0, 1, . . . , (84)
YνH
(λ,ν)
n = A
T
n−1H
(λ,ν)
n−1 +B
T
nH
(λ,ν)
n , n = 0, 1, . . . (85)
SH(λ,ν)n = RnH
(λ,ν)
n . (86)
with H
(λ,ν)
−1 =
[
0, · · · , 0]T , H(λ,ν)0 = [H˜(λ,ν)0 (x), · · · , H˜(λ,ν)d−1 (x)]T ,
and matrix coefficients An, Bn, Cn, Rn ∈Md×d given by
An =

0 0 · · · 0
...
...
. . .
...
0 0 · · · 0√
[(n+ 1)d]ν 0 · · · 0

Bn =

0
√
[nd+ 1]ν
. . . . . .
0
√
[nd + d− 1]ν
0

Cn = diag [γnd, γnd+1, . . . , γ(n+1)d−1],
R = diag [1, ελ, . . . , ε
λ−1
λ ]
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The position operator x can be identified with the following Bloc
matrix
X =

B0 C1
A0 B1 C2
A1 B2 C3
. . . . . . . . .

and the momentum operator Yν with
Y =

BT0 A
T
0
0 BT1 A
T
1
0 BT2 A
T
2
. . . . . . . . .

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